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Abstract 



In this article, let S C R^" be a compact convex Hamiltonian energy surface which is symmet- 



ric with respect to the origin, where n >2. We prove that there exist at least two geometrically 
distinct symmetric closed trajectories of the Reeb vector field on E. 
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1 Introduction and main results 

In this article, let S be a fixed compact convex hypersurface in R^", i.e., S is the boundary 
of a compact and strictly convex region U in R^". We denote the set of all such hypersurfaces 
by 7Y(2n). Without loss of generality, we suppose U contains the origin. We denote the set of 
all compact convex hypersurfaces which are symmetric with respect to the origin by STi.{2n), i.e., 
S = — S for S G STC{2n). We consider closed characteristics (r, y) on S, which are solutions of the 
following problem 
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(1.1) 



where J = 




, In is the identity matrix in R", r > and A^E(y) is the outward normal 



vector of S at y normahzed by the condition Ns{y) ■ y = 1. Here a ■ b denotes the standard inner 
product of a,b G R-^". A closed characteristic (r, y) is prime if r is the minimal period of y. Two 
closed characteristics (r, y) and (fx, z) are geometrically distinct if y(R) 7^ z(R). We denote by 
T(S) the set of geometrically distinct closed characteristics (r, y) on S. A closed characteristic 
(r, y) on S E STC{2n) is symmetric if {y(R)} = {— y(R)}, non-symmetric if {y(R)} PI {— y(R)} = 0. 
It was proved in [LLZj that a prime characteristic (r, y) on S € S7i{2n) is symmetric if and only 
if = -y[t + 1) for ah t £ R. 

There is a long standing conjecture on the number of closed characteristics on compact convex 
hypersurfaces in R^": 

#T(S)>n, VSEW(2n). (1.2) 

Since the pioneering works [Rablj of P. Rabinowitz and [Weilj of A. Weinstein in 1978 on 
the existence of at least one closed characteristic on every hypersurface in 7i{2n), the existence of 
multiple closed characteristics on S € TC{2n) has been deeply studied by many mathematicians. 
When n > 2, besides many results under pinching conditions, in 1987-1988 I. Ekeland-L. Lassoued, 
I. Ekeland-H. Hofer, and A, Szulkin (cf. pkLl] . [EkHlj . [SiuT] l proved 

#T(S)>2, VSGW(2n). 

In [HWZj of 1998, H. Hofer-K. Wysocki-E. Zehnder proved that *T{T,) = 2 or 00 holds for every 
S G n{4:). In [L^ of 2002, Y. Long and C. Zhu proved 

#T(S)>[^] + 1, VSGH(2n), 

where we denote by [a] = max{/c G Z\k < a}. In [WHL] . the authors proved the conjecture for 
n = 3. In |LLZj . the the authors proved the conjecture for T, G S7i{2n). 

Note that in [W2], the author proved if '^T(S) = n for some S G STC{2n) and n = 2 or 3, then 
any (r, y) G is symmetric. Thus it is natural to conjecture that 

#T,(S) > n, V S G Sn{2n), (1.3) 

where 7s (S) denotes the set of geometrically distinct symmetric closed characteristics (r, y) on S. 
The following is the main result in this article: 

Theorem 1.1. We have #T^(S) > 2 for any S G STi.{2n), where n > 2. 

In this article, let N, Nq, Z, Q, R, and C denote the sets of natural integers, non-negative 
integers, integers, rational numbers, real numbers, and complex numbers respectively. Denote by 
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a ■ h and \a\ the standard inner product and norm in R^". Denote by (•, ■) and || • || the standard 
L^-inner product and L^-norm. For an 5^-space X, we denote by Xgi the homotopy quotient of 
X module the 5^-action, i.e., Xgi = S°° x 51 X. We define the functions 

{\a\ = maxjA; E Z I A; < aj, Eia) = min{/c G Z I A; > aj, 
(1.4) 
^{a)=E{a)-[a], 

Specially, (/?(a) = if a E Z , and 99(0) = 1 if a ^ Z . In this article we use only Q-coefficients for 
all homological modules. 

2 A variational structure for closed characteristics 

In this section, we transform the problem (|l.ip into a fixed period problem of a Hamiltonian system 
and then study its variational structure. 

In the rest of this paper, we fix a S E S7i{2n) and assume the following condition on S: 
(F) There exist only finitely many geometrically distinct symmetric closed character- 
istics {{Tj,yj)}i<j<k on S. 

Note that (r, y) E TsiTj) is a solution of (jl.ip if and only if it satisfies the equation 

\v(i) = -v(a). 

Now we construct a variational structure of closed characteristics as the following. 

lemma 2.1. (cf. Proposition 2.2 of |WHLj ) For any sufficiently small •& E (0, 1), there exists a 
function (p = ip^ £ C°°(R, R^) depending on "& which has as its unique critical point in [0, +00) 
such that the following hold 

(i) (/7(0) = = ^'(0) and ^"(0) = 1 = limi^o+ 

(ii) ip{t) is a polynomial of degree 2 in a neighborhood of +00. 

(Hi) < for t > 0, and lim^-^+oo ^^^^ < i-e., ^^-j^ is strictly decreasing for t > 0. 

(iv) min(^^^-p^, ip" {t)) > a for all t E R^ and some a > 0. Consequently, ip is strictly convex on 
[0, +00). 

(v) In particular, we can choose a E (1,2) sufficiently close to 2 and c E (0,1) such that 
ip{t) = ct°^ whenever ^^-j-^ E 1 — "&] and t > 0. 

Let J : R^" — > R be the gauge function of S, i.e., j{\x) = A for x E S and A > 0, then j E 
C^{B?'' \ {0}, R) n C0(r2", R) and S = ^-^1)- Denote by f = infi<j<fc r,- and a = min{|y[2 | y e 
S}. 

By the same proof of Proposition 2.4 of |WHL) . we have the following 
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(2.2) 



Proposition 2.2. Let a > f, i?a G ^0, ^ minlf, a}^ and ipa be a C°° function associated to "da 
satisfying (i)-(iv) of Lemma 2.1. Define the Hamiltonian function Ha{x) = aipa{j{x)) and consider 
the fixed period problem 

(x{t) = JH',{x{t)) 
\ x(i) = -x(0) 

Then the following hold: 

(i) Ha e C3(R2" \ {0},R) n C1(R2",R) and there exist R,r > such that 

r|eP < K{x)^ ■ e < mf, Vx G R2" \ {0}, e G R^". 

(a) There exist £1,62 G (O, ^) and C G R, such that 



|2 ^ U|2 



C < Ha{x) < + C, Vx G R^ 



2 - -V / - 2 

f'MiJ Solutions of i2. ^|) are x = and x = pyi^rt) with ^^^y^ = ^, where {T,y) is a solution of 
\2.1\) . In particular, nonzero solutions of ^2. ^)) are in one to one correspondence with solutions of 
i2. 1\) with period t < a. 

(iv) There exists > independent of a and there exists Ha > depending on a such that 

H'^{x)^-^>2aro\^\\ for < |x| < ^„ ^ G R^". 

In the following, we will use the Clarke-Ekeland dual action principle. As usual, the Fenchel 
transform of a function F : R^" — > R is defined by 

F*(2/) =sup{x-2/-F(x) I X G R^"}. (2.3) 

Following Proposition 2.2.10 of [Eke3], Lemma 3.1 of pceT] and the fact that Fi < F2 ^ Ff > F^ , 
we have: 

Proposition 2.3. Let Ha be a function defined in Proposition 2.2 and Ga = H* the Fenchel 
transform of Ha . Then we have 

(i) Gae C2(R2" \ {0}, R) n C1(R2" , R) and 

G'aiy) =x^y = H'^{x) h:{x)GM = 1. 

(ii) Ga is strictly convex. Let R and r be the real numbers given by (i) of Proposition 2.2. Then 
we have 

R-^\i? < Gl{y)i ■ i < r-i|e|2, Vy G R^" \ {0}, ^ G R^". 
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(Hi) Let ei,e2,C be the real numbers given by (ii) of Proposition 2.2. Then we have 

1 |2 I |2 

(iv) Let ro > 6e the constant given by (iv) of Proposition 2.2. Then there exists r]a > 
depending on a such that the following holds 

G':,{y)C-C<^\C\^ for < |yl < r?,, e e R2". 
2arQ 

(v) In particular, let Ha = aipa{j{x)) with satisfying further (v) of Lemma 2.1. Then we 
have Ga{fJ-j' {z)) = cifi^ when z € S and fij'iz) € [ Ha{x) = acj{x)°'}, where c is given by 
(v) of Lemma 2.1, ci > is some constant depending on a and a^"^ + (5^^ = 1. | 

Now we apply the dual action principle to problem (j2.3p . Let 

L^i^l Qz),r2") ={^xGL2(R,R2")|n(t + l/2) = -7x(t)}. (2.4) 

Define a linear operator M : (r / (^z) , R^") ^ (r / (^z) , R^") by 

^Muit) = uit). (2.5) 
dt 



Lemma 2.4. M is a compact operator from L^ ^R / (^^Zj ,R^"j into itself and M* = —M. 
Proof. Note that M sends L^ (r / (^z) , R^") into W'^'^ ([0, 1/2], R^"), and the identity map 



from ([0, 1/2],R2") to (h / (^z) , R^") is compact by the Rellich-Kondrachov theorem. 
Hence M is compact. 

To check it is anti-symmetric, we use integrate by parts: 

^1/2. /■1/2 



{Mu, v)dt = - / (n, Mv)dt + (Mn, Mv) \q 

JO 

and the last term vanishes since Mn(l/2) = — Mu(0) and Mf(l/2) = — Mf(0). Hence M is 
anti-symmetric. | 
The dual action functional on ^R / (^^Z^ ,R^"^ is defined by 

^a{u) = j^J^ Q • Mu + Ga(- Jm)) dt, (2.6) 

where Ga is given by Proposition 2.3. 

Proposition 2.5. The functional ^'^ is bounded from below on L^ ^R / (^zj , R^"^ . 
Proof. For any u ^ L"^ (ji. j (^f Z^ , R^"^ , we represent u by its Fourier series 

u{t)= J2 e^'^^'^k, XfcGR2-. (2.7) 

fe62Z+l 



Then we have 



Hence 



Mu{t) = -J ^^^'""''^k- (2i 



^ ^ fce2Z+i 



By (12. 6p . we have 



^-aM = J^^ (^^Ju- Mu + Ga{-Ju)jdt 

I pl/2 /U|2 



dt. 

' Jo \'^e2 J 

> Ci\\uf-C (2.10) 

for some constant Ci > 0, where in the first inequahty, we have used (iii) of Proposition 2.3. Hence 
the proposition holds. I 

Proposition 2.6. The functional is C^'^ on (li / (^Z^ ,R^"^ and satisfies the Palais- 
Smale condition. Suppose x is a solution of Ii2. S^) . then u = x is a critical point of^a- Conversely, 
suppose u is a critical point of^a, then Mu is a solution of i2.2\) . In particular, solutions of h2. 2\) 
are in one to one correspondence with critical points o/^'a- 

Proof. By (ii) of Proposition 2.3 and the same proof of Proposition 3.3 on p. 33 of [Ekelj . we 
have is C^'^ on / (iz) ,R2"). By (|2J0D and the proof of Lemma 5.2.8 of [Ete3] . we 

have satisfies the Palais-Smale condition. 

By (j2.6p . we have 

{Kiu),v) = {Mu,Jv) - {G',i-Ju),Jv), (2.11) 



rt I .1/2 

Mu{t) = / u{s)ds - - / u{s)ds, (2.12) 



where we use the fact that 



10 2 JO 

and MJu{t) = JMu{t). Hence ^^(u) = if and only if Mu = G'^{—Ju), where we used the fact 
G'ai-Ju{^)) = G'^{Ju{0)) = -G'„(-Ju(0)). Taking Prenchel dual we have -Ju = H'^{Mu), i.e., 
u = JH'i^{Mu). Hence Mu is a solution of (j2.2p . The converse is obvious. | 
Proposition 2.7. We have ^'a(na) < for every critical point Ua ^ of"^a- 
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Proof. By Propositions 2.2 and 2.6, we have Ua = Xa and Xa = Pay{Tt) with 

^ = (2.13) 

Pa a 

Hence we have 

'^a{Ua) = {^JXa-Xa + Ga{-JXa)^dt 

1 ^ /-i/a 

= -^iKiXa), Xa) + GaiKiXa))dt 
1 1 

= 4 Va(/'a)/Ja " -aipaifa)- (2.14) 

Here the second equahty follows from (j2.2p and the third equality follows from (i) of Proposition 
2.3 and (lOll . 

Let /(t) = iav9'„(t)t-av9a(i) for t > 0. Then we have /(O) = and f'{t) = ^{ipl{t)t - ip'^{t)) < 
since ^ ( "^"/^^ ) < by (iii) of Lemma 2.1. This together with (j2.13p yield the proposition. | 
We have a natural S'-'^-action on / (^^Z^ , R'^"^ defined by 



'*u{t) = u{e + t), G 5^ = R/Z,t G R. (2.15) 



Then we have 

Lemma 2.8. The functional is S"^ -invariant. 
Proof. Note that we have the following 
Claim. Wehave M{e*u)=e*{Mu). 
In fact, by (j2.12p . we have 



M{9*u){t) = / e*u{s)ds-- e*u{s)ds 
Jo 2 Jo 

1 /-i/s 



rt I .1/2 

/ u{e + s)ds / u{9 + s)ds 

Jo 2 Jo 

t+e I ri/2+e 

u{s)ds — - I ■u{s)ds 



On the other hand, we have 



'*{Mu){t) = S*(^J u{s)ds-^J^ u{s)ds 

t+e I rl/2 

u{s)ds — - u{s)ds 
2 Jo 



t+e I re I rl/2 

u{s)ds + / u{s)ds — - I u{s)ds — - u{s)ds 



Je 2 Jo 2 

1 fS rt+e I j-l/2 

u{s)ds + I u{s)ds — - u{s)ds 



2 
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1 /•6»+l/2 rt+9 I 1-1/2 

- u{s)ds+ u{s)ds-- u{s)ds (2.16) 

2 Ji/2 Je 2 Je 

t+9 I ri/2+e 

u{s)ds — 7; ■u{s)ds, 



2 

where in (12.160 . we use the fact u{t + 1/2) = —u{t). Hence the claim holds. 
Now we have 

r-l/2 /X 







1/2 /I 







^J{e * u) ■ M{9 *u) + Ga{-J{0 * n))^ dt, 
h * (Ju) ■ 9 * (Mu) + Gai9 * i-Ju))^ dt, 



'1/2 n \ 
i-Ju-Mu + Ga{-Ju)] dt 

1/2 ^ I _ ^ ^^ _ j-9+1/2 fY 

/2 



^Ju- Mu + Ga{-Ju)jdt + J i^-Ju- Mu + Gai-Ju)j dt 
j^J'^ Q Jn • Mu + Ga{-Ju)^ dt + (li-Ju) ■ {-Mu) + Ga{Ju)^ dt 



1/2 /I \ 

-Ju ■ Mu + Ga{-Ju) j dt = -^aiu), 

where in the above computation, we use u{t + 1/2) = —u{t) and Ga{x) = Ga{—x), which follows 
from S = — S. Hence the proposition holds. | 
For any k E R, we denote by 



^'a(n)<K . (2.17) 



For a critical point u oi we denote by 

A,(n) = A*"(") = jt/; G L2 (^r/ Qz),R2")| ^a{w)<^a{u)y (2.18) 

Clearly, both sets are 5"'^-invariant. Since the S'-'^-action preserves if w is a critical point of 
then the whole orbit S"^ • u is formed by critical points of Denote by crit{^a) the set of critical 
points of ^a- Note that by the condition (F), (iii) of Proposition 2.2 and Proposition 2.6, the 
number of critical orbits of is finite. Hence as usual we can make the following definition. 

Definition 2.9. Suppose u is a nonzero critical point of "if a, and M is an -invariant open 
neighborhood of ■ u such that crit{'^a) H (Aa(u) CiAf) = ■ u. Then the -critical modules of 

■ u is defined by 

Csi,,{^a, -U) = Hsl,,{Aa{u)n^^, {Aa{u)\S' ■u)nM) 

= H^{iAaiu)nM)si, i{Kiu)\S' ■u)nAf)si), (2.19) 
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where Hgi ^ is the -equivariant homology with rational coefficients in the sense of A. Borel (cf. 
Chapter IV of JBM^). 

By the same argument as Proposition 3.2 of |WHLj . we have the following proposition for 
critical modules. 

Proposition 2.10. The critical module Cgi^q{'^a, " u) is independent of the choice of Ha 
defined in Proposition 2.2 in the sense that if Xi are solutions of h2. 2\) with Hamiltonian functions 
Ha-{x) = CLiipa^ijix)) for i = 1 and 2 respectively such that both xi and X2 correspond to the same 
closed characteristic {T,y) on S. Then we have 

Csi,gi^a„ S'-X,)^Csi,,{^a„ S'-X2), Vg G Z. (2.20) 

In other words, the critical modules are invariant for all a > t and (fa satisfying (i)-(iv) of Lemma 
2.1. 

In order to compute the critical modules, as in p. 35 of |Ekel| and p. 219 of |Eke3| we introduce 
the following. 

Definition 2.11. Suppose u is a nonzero critical point of'^a- Then the formal Hessian of"^a 
at u is defined by 

nl/2 

Q^{v, v) = {JvMv + G"{-Ju)Jv ■ Jv)dt, (2.21) 
Jo 

which defines an orthogonal splitting (k / (^iz) , R^") = E_eEo(BE+ of L"^ (r / (^z) , R^") 
into negative, zero and positive subspaces. The index ofu is defined by i{u) = diuiE^ and the nullity 
of u is defined by v{u) = dimE'o. 

Next we show that the index and nullity defined as above are the Morse index and nullity of a 
corresponding functional on a finite dimensional subspace of ^R / ^^Z^ , R^"^ . 

Lemma 2.12. Let be a functionals defined by h2. Then there exists a finite dimensional 
-invariant subspace X of L^ / (i^) ^''^d a -equivariant map ha ■ X ^ X-^ such 

that the following hold 

(i) For g G X, each function h i—>- ^'^(gf + /i) has ha{g) as the unique minimum in X-^ . 

Let ipa{g) = ^aig + ha{g)). Then we have 

(a) The function ipa is on X and -invariant, ga is a critical point of ijja if and only if 
Oa + ha{ga) a Critical point of ^a- 

(Hi) If ga € X and Ha is with k > 2 in a neighborhood of the trajectory of ga + ha{ga), then 
ipa is C^~'^ in a neighborhood of ga. In particular, if ga is a nonzero critical point ofipa, then tpa is 

in a neighborhood of the critical orbit - ga. The index and nullity of'^a cit ga + ha{ga) defined 
in Definition 2.11 coincide with the Morse index and nullity of ipa at ga. 
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(iv) For any k G R, we denote by 

K = {gex\ Ma) < /^}- (2.22) 

Then the natural embedding ^ given by g ^ g + ha{g) is an S^-equivariant homotopy 
equivalence. 

Proof. By (ii) of Proposition 2.3, we have 

{G'^{u) -G'a{v),u-v) >Lo\u-v\'^, Vu,z;GR^", (2.23) 

for some uj > 0. Hence we can use the proof of Proposition 3.9 of |Vitl] to obtain X and ha- 
In fact, X is the subspace of (j^ / (^^) il^-^") generated by the eigenvectors of — JM whose 
eigenvalues are less than — ^ and ha{g) is defined by the equation 

d 

—^a{g + haig)) = 0, 

then (i)-(iii) follows from Proposition 3.9 of [Vitl]. (iv) follows from Lemma 5.1 of [Vitlj . | 

Note that ^'a is not in general, and then we can not apply Morse theory to ^'a directly. 
After the finite dimensional approximation, the function has much better differentiability, which 
allows us to apply the Morse theory to study its property. 

Proposition 2.13. Let be a functional defined by \2. and Ua = Xa be the critical point 
of so that Xa Corresponds to a closed characteristic {T,y) on S. Then the nullity v{ua) of the 
functional o-t its critical point Ua is the number of linearly independent solutions of the boundary 
value problem 

(m = jH':{xam , , 

{ (2.24) 

I = -m 



Proof. By ([221]), we have 



/•1/2 

Qa{v, w) = / {Jv ■ Mw + Ga(-Ju)Jv ■ Jw)dt, 
Jo 

= {Mw,Jv) + {{H'^{xa{t)y^Jw,Jv) (2.25) 

where we have used (|2.2p and (i) of Proposition 2.3. Now w (z Eq and only if Qaiv, w) = 

for any v G L (r/ (iz) ,R2"). Hence we must have Mw + {H'^{xa{t))-^ Jw = 0, i.e., we have 

w = JHa{xa{t))Mw. Hence Mw solves ^(TM . | 
Denote by R{t) the fundamental solution of the linearized system 

m = JH'^ixamit), (2.26) 
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Then we have the following 

Proposition 2.14. In an appropriate coordinates there holds 

(A B\ /-I -7\ 

R(l/2) = with A = { 

\0 C J \ -1 J 

with 7 > and C is independent of Ha ■ 

Proof. Note that by Lemma 1.6.11 of [Eke3j . we have 

i?(t)r^(0)5]cT,(,i)S. (2.27) 

Differentiating (j2.2p and use the fact Xa{t + 1/2) = —Xa{t), we have 

i?(l/2)i,(0) = -xa{0). (2.28) 

Let 

xaip,t) = py (^^] withf = ^. (2.29) 

Then we have Xa{p-, Tp/2) = —Xa{p, 0). Differentiating it with respect to p and using (12.290 together 
with i;a(l/2) = -Xa(0), we get 

Hence we have 

R{l/2)XaiO) = -xa{0) + (^T^) XaiO) = Xa{0) + 7ia(0), (2.30) 

2a dp Wa{p)J 

where 7 > since ^ ( ip'^p) ) > by (iii) of Proposition 2.1. For any w E R^", we have 

Ha{Xa)w = aip'^{j{Xa)){j'{Xa),w)j'{Xa) + aip'^{j{Xa))j"{Xa)w 

= a^'^{j{xa)){j'{y),w)3'{y)+Tj"{y)w. (2.31) 

The last equality follows from (iii) of Proposition 2.2. Let z{t) = R(t)z{0) for z(0) G Ty(^Q^T,. Then 

by (j2.27p . we have z{t) = rj" {y{t))z{t). Therefore R{l/2)\Ty^Q^^ is independent of the choice of Ha 

in Proposition 2.2. Summing up, we have proved that in an appropriate coordinates there holds 

/A B\ /-I -7\ 

i?(l/2) = with A = { 

\o c) V -1 y 

with C is independent of Ha, where we use {—Xa{0),Xa{0), ei, . . . , e2n-2} as an basis of R^". | 
Proposition 2.15. Let ^a be a functional defined by h2. and u be a nonzero critical point 
of^a- Then we have 

Csi, gi^a, S^-u) = 0, Vg ^ [i{u),i{u) + i^{u) - 1]. (2.32) 
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Proof. By (iv) of Lemma 2.12, we have 

Cgi, ,(*a, 5^ • ^x) ~ Csi, ,(^a, ■ n), (2.33) 

where Cgi^ q{ipa, ■ u) = Hgi ^(Aa(u) n Af, (Aa(n) \S^ ■ u) H M) and M is an 5^-invariant open 
neighborhood of 5^ • n such that crit{tlja) H {Aa{u) Cl J\f) = ■ u. By (iii) of Lemma 2.12, the 
functional tpa is near 5^ • u. Thus we can use the GromoU-Meyer theory in the equivariant sense 
to obtain the proposition. I 
Recall that for a principal C/(l)-bundle E ^ B, the Fadell-Rabinowitz index (cf. |FaRlj ) of E 
is defined to be supjA; \ ci{E)^^^ ^ 0}, where ci{E) E H^{B,Q) is the first rational Chern class. 
For a C/(l)-space, i.e., a topological space X with a {7(l)-action, the Fadell-Rabinowitz index is 
defined to be the index of the bundle X x S"^ — > X X(/(i) 5*°°, where —>■ CP°° is the universal 
C/(l)-bundle. For any k G R, we denote by 



= \ w e L^Ti / ( -Z ) ,r2" 



^a{w) <k}. (2.34) 



Then as in P.218 of [Eke3] . we define 

Ci = inf{(5 G R I /(^-IJ-) > i}, (2.35) 

where / is the Fadell-Rabinowitz index given above. Then as Proposition 3 in P.218 of |Eke3] . we 
have 

Proposition 2.16. Every Ci is a critical value of^a- If Ci = Cj for some i < j, then there are 
infinitely many geometrically distinct symmetric closed characteristics on S. 

By a similar argument as Proposition 3.5 of [WIJ and Proposition 2.15, we have 
Proposition 2.17. Suppose u is the critical point of^a found in Proposition 2.16. Then we 
have 

^a{u) = Q, Csl, 2i^-l) (^a, ■ u) ^ 0. (2.36) 

In particular, we have i{u) < 2[i — 1) < i{u) + v{u) — 1. 

3 Index iteration theory for symmetric closed characteristics 

In this section, we study the index iteration theory for symmetric closed characteristics. 

Note that if (r, y) G TglTi), then ((2m — 1)t, y) is a solution of (j2.ip for any m G N. Thus 
[{2m — l)T,y) corresponds to a critical point of via Propositions 2.2 and 2.6, we denote it by 
^2m-i_ First note that we have the following 
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Lemma 3.1. Suppose v?^~^ is a nonzero critical point of such that u corresponds to 
{T,y) G 7^(S). Let H{x) = where j is the gauge function o/S. Then i(n^™~^) equals the 

index of the following quadratic form 

f{2m-l)T/2 

Q(2m-l)r/2{C, = {J^ < + {H" {y{t)))-^ J ^ ■ ji)dt, (3.1) 

where ^ G W^^^ (r / ((H!!i_i)lz) , r2«) = {w e l^i'2(R, R2")|u;(t + (2II}zDL) = -w{t)}.. More- 
over, we have u{u'^''^~^) = nullity(5(2m-i)T/2 — 1- 

Proof. By a similar argument as in proposition 1.7.5 and P.36 of [Eke3j and Proposition 3.5 
of |WHLj ■ we obtain the lemma. | 

Suppose n^'^"^ is a nonzero critical point of such that u corresponds to (t, y) € Ts{T,). Then 
for any G U, let 

/.(2fe-l)r/2 

Qt2k-i)r/2iC, = {Ji-i + {H"{y{t)))-^ji ■ Ji)dt, (3.2) 

where ^ G ^^2fc-i)r/2 = ^ W''\[0, {2k - 1)t/2], C^^)\w{^^^^^) = ujw{fd)}.. 

Clearly the quadratic form Q{2m~i)T/2 on the real Hilbert space W^'"^ / |^ ^^"^~^^^ Z^ ,R2"^ 
and the Hermitian form Q(2m-i)r/2 °^ complex Hilbert space -E'(2m-i)T/2 have the same index. 

If w^"*"^ = —1, we identify E^i^ with a subspace of E'^2m~i)T /2 

= G W^^^in,C^'')\w{t + T /2) = ojw{t)}. (3.3) 

Note that if G ' have 

i-{2m-l)T/2 

Qt2m-l)r/2it = {J^ ■ ^ + {H" (yit)))-' ji ■ J^dt 



(2m-l)Q-/2(e,0- (3.4) 



Lemma 3.2. The spaces for uj"^"^ ^ = —1 are orthogonal subspaces o/ i?^2m-i)T/2' ^'^^^ 
for the standard Hilbert structure and for <3(2^-i)r/2' ^^'^ have the decomposition 

^{2ni~\)Tl2 = ^t/2- (3-5) 



Proof. Any ^ G -^(2m-i)r/2 '^^'^ written as 

f(t)=J^_.,.e.p(^^) 
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for g = 1, 3, . . . , 4m — 3, denote by C{q) the set of all p such that p — q € {^m — 2)Z. Thus we may 
write 

m= E uti e.w = E-p«-p((^f^) (3-7) 



l<g<4m — 3 



Then we have 



V(2m-1)T 2m -1 

Thus € with w = exp (^ 2m-i ) > '^^len g runs from 1,3,..., 4m — 3, then uj runs through the 
2m — 1 roots of —1. 

For ^ € ^^'-^ ^ ^ with to ^ X are 2m — 1 roots of —1, we have 

r-(2m-l)r/2 



Qr2--iW2(^' ^) = / (J^r?+(F"(y(t)))-V^ J7))dt 



2m-l _ T-/2 

= E ('^^)' / + {H"{y{t))r'Ji ■ Jv)dt 



k=0 

= 0. (3.9) 

Thus the lemma holds. ■ 
Definition 3.3. We define the Bott maps jV/2 c-'^^d n^/^ from JJ to Z by 

iT/2(w) = indexQ:;^/2' '^t/2(^*^) = nullity(5!;'/2! (3-10) 

By Lemmas 3.1 and 3.2, we have 

Proposition 3.4. Suppose u'^^~^ is a nonzero critical point of "if a such that u corresponds to 
{T,y) G Then we have 

i(n2— 1)= jr/2{^) y{u^'^'^)= E ^r/2H-l. (3-11) 

Note that Jr/2('-^) coincide with the function defined in Definition 1.5.3 of [Eke3) for the linear 
Hamiltonian system 

{ 3.12 

\A{t + T/2)= A{t) 

where A{t) = H"{y{t)). Denote by i^{A, k) and v^{A, k) the index and nullity of the fc-th iteration 
of the system (j3.12p defined by Ekeland in |Eke3J . Denote by i{A,k) and i'{A,k) the Maslov-type 
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index and nullity of the fc-th iteration of the system (j3.12p defined by Conley, Zehnder and Long 
(cf. §5.4 of [Lon4j ) . Then we have 

Theorem 3.5. (cf. Theorem 15.1.1 of [Lon4] ) We have 

i'^{A,k) =i{A,k) -n, u^{A,k) = i^{A,k), (3.13) 

for any A; € N. 

Theorem 3.6. Suppose n^™^^ is a nonzero critical point of ^'^ such that u corresponds to 
{T,y) € Ts{T,). Then we have 

i(t(2™~i) = ^_^(^^2m-l), uiu^""-^) = u_i{A,2m - 1) - 1. (3.14) 

where i-i{A,k) and z^_i(yl, A;) are the Maslov-type index and nullity introduced in JLonSi/ . 
Proof. By Corollary 1.5.4 of Eke3j and Theorem 9.2.1 of |Lon4] respectively, we have 



i^{A,4m-2) = i'^{A,2m-l) + i^^{A,2m-l), 
i{A,4m-2) = i(^,2m - 1) +i_i(^,2m - 1) (3.15) 

and by Lemma 3.1, we have i{u'^'^~^) = i^i{A,2m — 1). Thus the theorem follows from Theorem 
3.5. ■ 

Now we compute i{u'^'^~^) via the index iteration method in |Lon4] . First we recall briefly an 
index theory for symplectic paths. All the details can be found in [Lon4] . 

As usual, the symplectic group Sp(2n) is defined by 

Sp(2n) = {M € GL(2n,R) | M^JM = J}, 

whose topology is induced from that of R^"^. For r > we are interested in paths in Sp(2n): 

Vr{2n) = {7 G C{[0, r], Sp(2n)) [ 7(0) = hn}, 

which is equipped with the topology induced from that of Sp(2n). The following real function was 
introduced in |Lon2| : 

D^{M) = (-l)"-^cJ" det(M - uhn), G U, M G Sp(2n). 

Thus for any cj G U the following codimension 1 hypersurface in Sp(2n) is defined in |Lon2j : 

Sp(2n)0 = {M G Sp(2n) | D^(M) = 0}. 
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For any M G Sp(2n)[^, we define a co-orientation of Sp(2n)[^ at M by the positive direction 
^Me*^'^|(=o of the path Me*^"' with < t < 1 and e > being sufficiently small. Let 



Sp(2n): = Sp(2n)\Sp(2n)0, 

P;^(2n) = {7GP.(2n)|7(T) GSp(2n):}, 

P0,(2n) = Vr{2n)\V:^j2n). 



M10M2 



For any two continuous arcs ^ and r/ : [0,r] ^ Sp(2n) with ^(r) = r/(0), it is defined as usual: 

C(2t), if < t < r/2, 

r]{2t-T), ifr/2<t<r. 

Given any two 2mk x 2mj!c matrices of square block form = with k = 1,2, as in 

|Lon4j ■ the o-product of Mi and M2 is defined by the following 2(m-i + 7712) x 2(mi + 771-2) matrix 
M10M2: 

(Ai Q Bi Q \ 
yl2 
Ci Di 
V C72 D2/ 

Denote by M^^ the A:-fold o-product Mo ■ ■ ■ oM. Note that the o-product of any two symplectic 
matrices is symplectic. For any two paths 7^ G Vr{2nj) with j = and 1, let 7o07i(i) = 7o(^)o7i(0 
for ah t G [0,r]. 

A special path ^„ G Vr{2n) is defined by 

/2-i X^'^ 
en(t)= ' ^ ,^ J forO<t<r. 

Definition 3.7. (cf. |Lon2| . |Lon4j ) For any G U and M G Sp(2r7), de/i7ie 



(3.16) 



z^^(M) = dime kerc(M - ujhn)- 



For any r > arzd 7 G Vri2n), define 



Ifl^KMri), define 



(3.17) 



(3.18) 



^..(7) = [Sp(277)° :7*en], (3.19) 

where the right hand side of i3.19\) is the usual homotopy intersection number, and the orientation 
of ^ * in is its positive time direction under homotopy with fixed end points. 
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If 'y ^ V^^{2n), we let ^(7) be the set of all open neighborhoods of -y in VrC^n), and define 

iUl)= sup M{iM\f3 £Unr:j2n)}. (3.20) 

Then 

G Z X {0,1,..., 2n}, 

is called the index function of y at lv. 

For any M G Sp(2n) and w G U, the splitting numbers S^.j{uj) of M at u; are defined by 

Sfj{u) = ^Hm «^exp(±v^.)(7) - iUl), (3-21) 

for any path 7 £ Vr{2n) satisfying j{t) = M. 

Let Q^[M) be the path connected component containing M = j{t) of the set 

n{M) = {iV G Sp(2n) I a{N) n U = a{M) n U and 

u^{N) = vx{M) VA G cj(M) n U}. (3.22) 

Here QP{M) is called the homotopy component of M in Sp(2n). 

In |Lon2| - [Lon4] . the following symplectic matrices were introduced as basic normal /< 



orms: 



A 



D{X) = 




VO A- 




' 


NiiX,b) 






/ cos ( 


9 - sin / 


V sin^ 


? cos 6 



A = ±2, (3.23) 
A = ±1,& = ±1,0, (3.24) 



R{e)={ ), 6* G (0,7r) U (7r,27r), (3.25) 

6 cos 6 

l{9) b ~ 

R{e), 



(R{e) b \ 

N2{u;,h)=\ , 0G (0,^)U(7r,27r), (3.26) 



(bi b2\ 

where b = \ with 6j G R and 62 7^ ^3- 

Splitting numbers possess the following properties: 

Lemma 3.8. (cf. |Lon2j and Lemma 9.1.5 of |Lon4j ) Splitting numbers S^^{uj) are well defined, 
i.e., they are independent of the choice of the path 7 G Vri^n) satisfying 7(t) = M appeared in 
13.21\) . For u; G U and M G Sp(2n), splitting numbers S^{co) are constant for all N G 0,^{M). 
Moreover, we have 

5±(a;) = 0, if u^a{M). 
Slii^) = Sm{uj), G U. 
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Lemma 3.9. (cf. |Lon2j . Lemma 9.1.5 of |Lon4j ) For any Mi G Sp(2nj) with i = and 1, there 
holds 

SmoomM) = '5mo(^) + ^mS^)^ V e U. (3.27) 

We have the following 

Theorem 3.10. (cf. |Lon3] and Theorem 1.8.10 of |Lon4| ) For any M G Sp(2n), there is a 
path f : [0, 1] n^{M) such that /(O) = M and 

f{l) = MiO---oMi, (3.28) 

where each Mi is a basic normal form listed in k3.2c!\) - r3.2b]) for 1 < i < I. 

Now we deduce the index iteration formula for each case in ()3.23p - (|3.26p . Note that the splitting 

numbers are computed in List 9.1.12 of ^Lon4j . 

/I b\ 

Case 1. M is conjugate to a matrix for some b > 0. 

\0 ij 

In this case, we have (5'^j(l), 5^(1)) = (1, 1). Thus by Theorem 9.2.1 of |Lon4| . we have 

2m.- 1 

i-ih'"'-') = ^0.(7)= i(2.-i).(7) = (2m-l)(n(7) + l), 

iy_i(72'"-i) = 0. (3.29) 



Case 2. M = I2, the 2x2 identity matrix. 

In this case, we have (S'^(l), S^j{l)) = (1, 1). Thus as in Case 1, we have 

i_i(7'"^-^) = (2m-l)(n(7) + l), 1^-1(7'™-') = 0. (3.30) 
/I b\ 

Case 3. M is conjugate to a matrix for some b < 0. 

\0 l) 

In this case, we have (5^(1), S^j(l)) = (0, 0). Thus by Theorem 9.2.1 of |Lon4j . we have 

2m- 1 



i_i(72'"-^) = E ^c.(7)= i(2.-i).(7) = (2m-l)n(7), 

^2m-l=_l k = l ''"-1 

^^-1(7^""^) = 0. (3.31) 



/-I b \ 

Case 4. M is conjugate to a matrix for some 6 < 0. 

_ V -1/ 

In this case, we have (S'^j(— 1), Sj^{—1)) = (1, 1). Thus by Theorem 9.2.1 of [Lon4j . we have 

2m- 1 



i.i{^^^-') = J2 ^-(7)= E im^(7) 



^2m-l__x k = l 
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m—1 2m~l 



= X! ^i2^i:iillL(7) +^-1(7) + U2k-i)^ h) 

J _, 2m— 1 , , _, 2m — 1 

k=l k=m-\-l 

= (m - l)ii(7) +n(7) - 1 + (m - l)(ii(7) -1 + 1) 
= (2m-l)n(7)-l, 
zy_i(72™-i) = 1. (3.32) 

Case 5. M = -I2. 

In this case, we have (5'^j(— 1), S]^j{—1)) = (1, 1). Thus as in Case 4, we have 

z_i(7'™-i) = (2m - l)n(7) - 1, 1^-1(7""-') = 2. (3.33) 
/-I 6 \ 

Case 6. M is conjugate to a matrix for some b > 0. 

V -ij 

In this case, we have {S^^{—1), S]^j{—1)) = (0,0). Thus by Theorem 9.2.1 of |Lon4j . we have 

i_i(7'"-^) = E ^^7)= E ^(2^(7) = (2"i-l)n(7), 

z^_i(72"-i) = 1. (3.34) 



/ cos d — sm U \ 
Case 7. M = wi/i some 6* e (0,7r) U (7r,27r). 

\ sin 6 cos 6* / 

In this case, we have {S^j{e^~^^), 5^j(e^^-^^)) = (0,1). Thus by Theorem 9.2.1 of |Lon4j and 
Lemma 3.8, we have 

2m- 1 



z_i(72'"-^) = E i-(7)= E ^(2^(7) 



E ^1(7)+ E (n(7)-i) 

,(2m-l)9 (2m-l)9 ^^^, (2m- 1) (27r-9) 

TT TT — — TV 

+ E ^1(7) 

i2!Ii^ili2^<2fc-l<4m-2 

= p,„-l)(i,h)-l) + 2i^(<5:^ + l)-2. 
._,(7--') = 2-2*fe^ + iV (3.35) 



27r 2 

provided E (0,7r). When 6 € (7r,27r), we have 



2m- 1 



^2m-l=_l fc = l 2,„-l 



E ^1(7)+ E (n(7) + i) 

2/: 1< (2m-l)(27r-9) ^^^^ ^ (2m-l)fl 
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= (2m - l)(ii(7) - 1) + 2E (^ '^" ~ + ^) - 2, 

\ (bi h2\ 

Case 8. M = mi/i some 9 € (0,7r) U (7r,27r) and h = \ € R^^^, sitc/i 

V R{e)l V&3 64/ 
that (62 - ^3) sin 6* < 0. 

In this case, we have {S~l^{e^~^^), S]^j{e^~^^)) = (1,1). Thus by Theorem 9.2.1 of |Lon4j . we 
have 

2m- 1 

...h--') = 2-2^,(<5^^ + i). (3.36) 

/R{9) b \ (bi h2\ 

Case 9. M = mi/i some 6* G (0,7r) U (vr,27r) and 6 = e R^^^, suc/i 

V R{e)) V&3 &4/ 
t/iai (62 - fts) sin 6* > 0. 

In this case, we have (^^(e^^), 5'j^^^(e^^)) = (0,0). Thus by Theorem 9.2.1 of [LoEi] . we 
have 

2m- 1 

i_i(7'"-^) = E ^c.(7)= i(2.-i).(7) = (2m-l)n(7), 

._,(,-') = 2-2*(e!i;^+l). (3,37) 

Case 10. M is hyperbolic, i.e., a{M) n U = 0. 
In this case, by Theorem 9.2.1 of |Lon4| . we have 

2m- 1 

i_^(^2m-i) ^ ^ ij7)= i(2.-i).(7) = (2m-l)n(7), 

^^-1(7^"""^) = 0. (3.38) 
Proposition 3.11. For any m € N, uie have the estimate 

i_i(72-+i) - i_i(7'"-^) - 1^-1(7"""') > 2ii(7) - e(M). (3.39) 
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Proof. We consider each of the above cases. 

/I b\ 

Case 1. M is conjugate to a matrix for some b > 0. 

\0 ij 

In this case we have 

z_i(7'-+i) - ^-1(7'"^-') - ^^-1(7'"^-') = 2n(7) + 2. 

Case 2. M = I2, the 2 x 2 identity matrix. 
In this case we have 

._^(^2m+l) _ i_,(^2m-l) _ ^_,(^2m-l) ^ 2^1(7) + 2. 

/I 6\ 

Case 3. M is conjugate to a matrix for some b < 0. 



In this case we have 



1 



_ i_i(72™-i) - j._i(72— 1) = 2n(7). 

/-I b \ 

Case 4. M is conjugate to a matrix I I /or some 6 < 0. 

In this case we have 

i_i(7'™+i) - z_i(7'"-') - i^-i(7'"-') = 2ii(7) - 1 

Case 5. M = —I2, the 2x2 identity matrix. 
In this case we have 

z_i(7'™+^) - i-i(7'™-') - ^^-1(7''"-') = 2n(7) - 2. 
/-I 6 \ 

Case 6. M is conjugate to a matrix for some b > 0. 



In this case we have 



-1. 



_ i_i(72— i) _ = 2ii(7) - 1- 

(cos 9 — sin ^ \ 
with some G (0, tt) U (tt, 27r). 
sin cos 6 J 
In this case we have 



, , , , /(2m + l)6i 1\ /(2m -1)6' 

= 2(n(7)-l) + 2£;^— -^ + - -2i?'^ ^ 



27r 27 V 27r 



> 2(ii(7)-l). 
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fR{0) b \ fbi b2\ 

Case 8. M = with some 9 G (0,7r) U (7r,27r) and b = \ G R^^^, such 

\ R{e)l \b^ bj 

that (62 - bs) sinO < 0. 

In this case we have 

, , , /(2m + 1)0 1\ , /'(2m -1)9 1 
„ /(2m -1)6 1 
> 2n(7)-2. 

/i?(0) 6 \ (bi b2\ 

Case 9. M = wzi/i some G (0,7r) U (7r,27r) and 6 = G R^'^^, suc/i 

V R{e)) \b3 bJ 

that (62 - 63) sin 6* > 0. 



In this case we have 



(2m -1)0 , r 



, , / /(2m- 1)0 

= 2zi(7)- (^2-2(/>(^ ^ ^ + 

> 2ii(7)-2. 



Case 10. M is hyperbolic, i.e., a{M) n U = 0. 
In this case we have 

i_i(7'"^+^) - i-i(7'"*-') - ^^-1(7'™-') = 2ii(7). 
Combining the above cases, we obtain the proposition. I 

4 Proof of the main theorem 

In this section, we give the proof of the main theorem, first we have the following. 

Lemma 4.1. Suppose u'^'^~^ is a nonzero critical point of such that u corresponds to 
(r, y) G ^(S). Then we can find m G N such that 



Proof. Let (r, y) G Ts{^). The fundamental solution : [0, r/2] — > Sp(2n) with 7j/(0) = l2n 
of the linearized Hamiltonian system 

w{t) = JH"{y{t))w{t), yt G R, (4.2) 

22 



is called the associate symplectic path of (r, y). Then as in §1.7 of |Eke3] . we have 

in an appropriate coordinate. Then by Lemma 3.1 and Theorem 3.5, we have 

i(n2^-i) = i_i(72'=-i), zy(n2'=-i) = z._i(72'=-i), (4.4) 

for any A; G N. By Theorem 3.10, the matrix 7y(r/2) can be connected in r2^(7y(r/2)) to a basic 
form decomposition M = (— /2)oMiO • • • oM^. Since n > 2, we may write M = {—l2)oMioM\ 
where M' = M20 ■ ■ ■ oM/. By the symplectic additivity of indices, cf. |Lon2| - [Lon4] . we have 

= i_i(7f-^) +z_i(7f-^) (4.5) 

where 71 and 72 are appropriate symplectic paths such that 7i(r/2) = (— /2)oAfi and 72(t/2) = M' . 

Note that by Theorem 3.5, we have 11(7) > n. Now we consider each case as in §3. 
/I b\ 

Case 1. Ml = for some b > or Mi = 12- 

\0 ij 
In this case we have 

= i-ih'r"-') - *~i(7?™-') + *~i(72™+') - ^-i(7|'"~') 

> 2ii(7i) + 2 + 2ii(72) - (2n - 4) + i/-i(7|™"') 

> 2ii(7) + 6-2n>6. 

Note that in the above computations, we use (j3.29p . (j3.30p . (j3.33p . Proposition 3.11 and 21(7) > n. 

/I b\ 

Case 2. M is conjugate to a matrix for some b < 0. 

\0 ij 

In this case, by (j3.3ip we have 

= i-lh'r'-') - *-l(7?™-') + ^-1(72™""') - ^-1(72"""') 

> 2ii(7i) + 2^1(72) - (2n - 4) + z._i(7|'"-^) 

> 2x1(7) + 4 - 2n > 4. 

/-I b \ 
Case 3. M = /or 6 G R. 

V -1 
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In this case, by (j3.32p - (j3.34p we have 

> 2n(7i) + 2ii(72) - (2n - 4) + z._i(7|"-i) 

> 2n(7) + 4 - 2n > 4. 

(cos 6 — sin 9 \ 
with some G (0, vr) U (vr, 2tt). 
sm.9 cos 9 j 
In this case, by (j3.35p we have 

• (^2m+i) - i(n2™-i) = i_i(72™+i) - i_i(72"-i) 

= ^-1(7?"+') - i-i(7f"~') + i^iin'r^^) - i-iill""-') 

^'^ V 27r 2/ V 27r 2 

+2n(72)-(2n-4) + i/_i(72™-i) 

> 2ii(7) +4-2n > 4 

provided we choose m such that ( ^^"2^^'*^ + ^) ~ ( ^^"2^''^"*^ + ^) — ^• 

6 \ ^ ^ (hi h2\ 

Case 5. M = mi/i some 6^ € (0,7r) U (vr, 27r) and h = \ G R^^^ ^^^^/j 

V R{9)l V&3 64/ 

that (62 - ^3) sin 6* < 0. 

In this case, by p.36p we have 

= i-i(7?"^+i) - .-i(7?™-') + ^-1(72""+') - i-i(72'""') 

+2n(72)-(2n-6) + z._i(7|'"-') 
> 2ii(7) +4- 2n > 4. 

(R{9) b \ /h b2\ 

Case 6. M = mi/i some 9 e (0,7r) U (vr, 27r) and 6 = G R^^^, such 

that (62 - fta) sin 6* > 0. 

In this case, by (j3.37p we have 

•(^2m+l) - = i_i(72"+l) - i_i(72™-l) 

= i-i(7?"^+i) - .-1(7?"^-^) + .-1(72'™+') - ^-i(7|"-') 

> 2n(7i) + 2ii(72) - (2n - 6) + z._i(7|'"-^) 

> 2ii(7) + 6-2n>6. 
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Case 7. M is hyperbolic, i.e., a{M) n U = 0. 
In this case, by (j3.38p we have 

> 2n(7i) + 2n(72) - (2n - 4) + z._i(7|"~^) 

> 2ii(7) + 4 - 2n > 4. 

Combining all the above cases, we obtain the lemma. I 
Proof of Theorem 1.1. We prove by contraction. Assume TgiTi) = {(r, y)}. Suppose v?'^~^ 
is a nonzero critical point of such that u corresponds to (r, y) G Ts{Ti). By Lemma 4.1, we 
may assume — > 4. The index interval of (t, y) at 2m — 1 is defined to be 

^2m-i = + i/(n2™-3) - 1, i(n2™+i)). Note that by Proposition 3.11 and ^1(7) > n, we 

have i(M2™-3) + j,(^,2m~3) < i(^^2m-i)_ .pj^^^g Yiavd (^(m^™-!) _ 1, ^(n^^+i)) c Q2m-i- Hcuce we 
can find two distinct even integers 2Ti, 2T2 € ^2m-i- Let ct^+i ^'^^ cj-a+i be the two critical values 
of found by Proposition 2.16. Then we have c^i+i 7^ CT2+1 since '^Ts{T,) < 00. By Proposition 
2.17, we have 

= CT,+i, < 2ri < iCu^'"!-!) + i/(n2'"i-^) - 1, 

^r^(^x2™2-i) = CT2+1, iln^'"^) < 2r2 < + z.(^x2"2-i) - 1, (4.6) 

for some mi, 7712 E N. On the other hand, we must have mi = m2 by Proposition 3.11. Thus we 
have cti+1 = ctj+i- This contradiction proves the theorem. | 
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